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1. Plate Efficiencies 

In the design of the distillation column, the plate effi- 
ciency plays an important role. The plate efficiency has 
been defined as Murphree's plate efficiency with the vapor 
composition in equilibrium with the liquid leaving the 
plate. This efficiency is reasonable only when the liquid is 
well mixed (as described in the later sections) and there 
is no composition gradient of the liquid on the plate. In 
practice, however, the liquid composition will vary as the 
liquid flows on the plate. In the case of larger columns 
and systems of large relative volatilities, Murphree's plate 
efficiencies have been found to be more than 100%. 

In our previous paper ( I ) , t  it was pointed out that at 
a fixed point efficiency E o ~ t  Murphree's plate efficiency 
( E M V )  1, based on the vapor in equilibrium with the liquid 
leaving the plate, decreases with the increase of reflux 
ratio, and plate efficiency ( E M V ) ~ ,  based on the vapor 
composition in equilibrium with the liquid entering the 
plate, increases with the increase of reflux ratio. A modi- 
fied plate efficiency was therefore defined as 

where (9." ) iS the vapor composition in equilibrium with 
the liquid at the center of the plate. 

If the liquid flows unidirectionally on the plate as a 
plug flow, the relation between the plate efficiencies and 
the point efficiency is shown in Figure 1. For a fixed point 
efficiency, Murphree's plate efficiency (EMv) 1, which is 
shown with the broken line, increases with A where A = 
mV/L, and   EM")^ decreases with A as shown with the 
dotted line. The modified plate efficiency ( E M V )  112, how- 
ever, does not vary so much with the change of A as shown 
with the solid line. 

Taking into account the mixing of the liquid on a plate, 
Figure 2 shows the relation between the plate efficiency 
and the point efficiency. For a fixed Peclet's number N p e ,  
the variation of (EMv)~ /~ /EoG for A is much smaller than 
that of (EMv)l/Eoc. In the case of AEOG < 1 (this con- 
dition holds for almost all the practical columns), the value 
of ( E M ~ ) ~ / ~ / E o G  is less than 1.04 for any value of N p e ,  

Correspondence concerning this article should be addressed to Prof. 

f References and notation are listed at the end of Part 11. 

K. Onda. 

0.8 

(EUV)O OS6 

(Ewh 

0.4 

0.2 
0.2 0.4 0.6 0,8 I 

EOG 
Fig. 1. Relations between plate efficiencies and point efficiency for 

various values of X. 

EOG 

Fig. 2. Variation of ( € M V ) ~ / Z / € O G  and (€MV)I/€OG with MOC for 
various values of Peclet's number Npe. 

September, 1971 Page 1141 AlChE Journal (Vol. 17, No. 5 )  



and the following relation holds within 4% error 

( E M v )  112 = Eoc (2)  
In accordance with the modified plate efficiency 

( E M v ) ~ / ~ ,  the method of calculating the number of theo- 
retical plates is developed, and the minimum number of 
theoretical plates is discussed. 

In the actual columns, the composition of the liquid at 
the center of the plate is not usually measured; therefore, 
the mean of compositions of the liquid at the inlet and the 
outlet of the plate has been taken as a standard, and the 
efficiencies calculated with this composition are designated 
as ( E M V ) ’ l l 2 .  The modified plate efficiencies ( E M V ) ’ ~ , ~  are 
calculated with the reported data of the distillation experi- 
,merits ( 2 ) ,  ( 3 ) ,  and (5) ,  and the reflux ratio is shown to 
have little effect on the plate efficiency ( E M v ) ’ ~ / ~ .  The 
modified plate efficiency ( E M V ) ’ l I 2  is correlated with the 
several dimensionless groups comprising most of the vari- 
ables affecting efficiency, and empirical equations are pre- 
sented. 

CALCULATION OF NUMBER OF THEORETICAL PLATES 

Graphical Method 

To determine the number of the theoretical plates for 
the distillation column, McCabe and Thiele’s method ( 6 )  
is most commonly used. This method involves stepwise 
construction between the operating lines and the equilib- 
rium curve, assuming no composition gradient of the liq- 
uid on the plate, and takes into account the vapor in 
equilibrium with the liquid leaving the plate. In practice, 

Fig. 3. Schematic diagram of rectifying section of continuous dis- 
tillation column. The region bounded by broken line shows the 

system far material balance. 
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Fig. 4. Stepwise construction for plug flow of liquid on the plate. 

however, the liquid composition varies from inlet to out- 
let of the plate. I t  seems that the larger the column diame- 
ter, the greater the composition difference on the plate. 

Taking into account the liquid composition gradient, 
the method of stepwise construction for the unidirectional 
plug flow of the liquid is given with the assumption that 
the liquid and the vapor flow rates are constant over the 
sections of the column between feeds and sidedraws. The 
material balance of the specified component for the system 
enclosed by broken line in Figure 3 is 

V 
2 - (yn-i+ yn) = L x ~  + D ~ D  (3) 

where Xn is the liquid composition at the center of nth 
plate, and the plate numbers are counted upward from the 
bottom to the top. 

Equation (3)  is divided by V as 

Equation (4)  represents the operating line for the enrich- 
ing section. The operating line for the exhausting section 
can be obtained similarly 

Also, for an ideal plate, the vapor is assumed to be in 
equilibrium with the liquid at the center of the plate 

yn equilibrium with xn (6) 
For binary components system, Equations (4) and (6) 

are expressed on x-y diagram as shown in Figure 4. Then, 
the graphical procedure for the nth theoretical plate is as 
folIows: 

A vertical line from xn to intersect the operating line 
at A2 and the equilibrium curve at A 1  is drawn. From 
Equation (4),  A2 is expressed by C(Yn-1  + y n ) / 2 ,  G] 
and Al by ( y n ,  x,) from Equation (6) .  Then the point 
A3 which gives the vapor composition yn-1  of ( n  - 1 ) t h  

plate is determined by A-z = &&. A horizontal line 
is drawn through A3 to cut the operating line at A5 
(+,-I, X,J) because the operating line (Figure 4) is 
similar in form to the ordinary operating line yn-l = 
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(L/V)xn,l + ( D / V ) X D  and equilibrium curve at A 4  

(yn-l, X n - 1 ) .  Similarly, this operation is continued from 
ND to the liquid composition equal to or less than X W .  

For convenience, in Figure 4 the broken line has been 
drawn symmetrically in y-direction with the equilibrium 
curve from the operating lines to show AlA2 = AzAa, etc. 

- -  

Minimum Number of  Theoretical Plates 

With the assumption that the liquid on a plate is mixed 
so well that the liquid composition is uniform at any point 
of the plate, the minimum number of theoretical plates at 
total reflux has been expressed by Fenske (7)  as 

( 7 )  

On the contrary, as it has been assumed here that the 
liquid flows as a unidirectional plug flow on the plate, the 
following relation between the compositions of the top 
and bottom products can be derived 

log ( x i , D / x j , D )  (%,W/x i ,W)  s, = 
log "ij 

where 

In Equation (9), Ki,(n,n-1) is a mean value between Ki,,, 
and K ~ , ~ , , . - I ~ .  By rearranging Equation (8), the minimum 
number of theoretical plates is given approximately as 

Thus, the minimum number of theoretical plates is nearly 
one half of that given by Fenske's equation (7) .  Under 
the assumptions just described. 

Consideration of Liquid Mixing on Plate 
In the present section, the component is being mixed 

by eddy diffusion as well as by the liquid flow on the 
plate. In such a case, Equation (4) is rewritten as 

yn-1 + yn 
2 

c 

The liquid composition profile was given in our previous 
paper (1). That is, according to the mass balance on the 
plate, the basic equation for the eddy diffusion model has 
been derived as 

(12) 
Equation (12) is rewritten into a dimensionless form 
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where xon-l is the liquid composition in equilibrium with 
vapor from ( n  - 1)  plate. With the boundary conditions 

dx 
- = 0  at w = l  
dw 

The solution of Equation (13) was 

where 

2 

The composition gradient at the center of the plate is 
given with the derivative of Equation (16) 

(18) 
Substituting Equation (18) into Equation (11) 

yn-1 + yn 
2 

Relationships of Equations (4), (6) ,  and (19) are 
shown in Figure 5 on the x-y diagram for the case where 
the vapor composition from ( n  - l)th plate is yn-l. In 
the case where the liquid flows as a plug %ow and F ( N P e r  

7) is zero, the relation has been shown by the broken line 
for N p e  = co, and the liquid composition at the center of 
nth plate is given by A2 as an abscissa of point B7. When 
the liquid is completely mixed, the liquid composition xn 
at the center of the plate coincides with the composition 
xn.1 at the outlet, given by A 3  as an abscissa of point Ba 
and shown by the dotted line for N p e  = 0. 

For any degree of liquid mixing on the nth plate, the 
point BB lies somewhere between points B7 and Bs on the 
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Fig. 5. Stepwise constructton when mixing of liquid occurs on the 
plate. Dotted line for N p ,  = 4 represents the cose of complete 

mixing, and broken line for N p ,  = 00, the plug flow of liquid. 

operating line. The vertical line from point B3 cuts the 
equilibrium curve at B1, which gives the composition of 
vapor leaving nth plate. Point BB is obtained by the inter- 
section of a horizontal line through (yn-l + yn)/2 with 
the operating line. The abscissa of Be is given by Equa- 
tion (19) as xn + ( F ) ( x n  - x * , - ~ )  by the point A4. 
Here, x',-1 is the abscissa of B5-the point on the equi- 
librium curve. As the degree of the mixing of liquid on 
the plate increases (i.e., N p e  decreases), the value of F 
showing the distance G4 increases, and point B3 shifts 
from B7 towards B8. Thus, it is concluded that the number 
of theoretical plates depend upon the strength of the liq- 
uid mixing. 

Number of theoretical Plates for Any  Degree of Mix ing  

In Figure 5, -4 (on the vertical line extending from 
x n ) ,  which is the liquid composition of the component 
under consideration, can be expressed as 

BiB4 = yn - Yn-1 = m ( x ,  - ~ ' n - 1 )  (21) 
- 

B2 is the middle point of -4, therefore 

(22) 
Also, in Figure 5, the slope of the operating line is 

From Eauations (22) and (23) 

- 
B1B4, that is, ( y n  - y n - l ) ,  is divided into two parts by 
the operating line. The ratio of the parts is given by 

Now a vertical l i n e m 4  is drawn from B1 (Xn, yn) sat- 
isfying the ratio given by Equation (25). B4 gives the 
vapor composition of ( n  - l)th plate. A horizontal line is 
drawn through B4 to cut the equilibrium curve at B5 
( ~ ~ - 1 ,  ~ ~ - 1 ) .  This operation is continued to the desired 
composition of the products, and thus the number of 
theoretical plates is obtained. 

For the complete mixing of the liquid, N P e  and 7 are 
zero, and the limiting value of F expressed by Equation 
(20) becomes hEo~/2. Thus, when EOG = 1 (for the 
theoretical plate), the ratio given by Equation (25) be- 
comes zero. Then, the stepwise construction is shown with 
the dotted line for N p e  = 0 in Figure 5. 

Under the plug flow of the liquid, F = 0 for the limit- 
ing case of Equation (20), the ratio given by Equation 
(25) becomes 1, and the stepwise construction is shown 
with the broken line for N P e  = 00 in Figure 5. 

However, in practice, it is difficult to know the liquid 
composition xn at the center of the plate; therefore, the 
mean of the inlet and the outlet liquid compositions is 
used instead of x,, as mentioned later. Thus the effect of 
mixing has been included in the plate efficiency. 

The mean of the inlet and the outlet liquid compositions 
is represented by xn + ( F )  (xn - x o n - l ) ,  as shown in 
Figure 6, and the difference between this mean composi- 
tion and the composition Xn at the center of the plate is 
given by ( F )  (x, - ~ ' ~ - 1 ) .  The following relation be- 
tween the efficiency (E~v)1/2,  based on the composition 
at the center of the plate, and the efficiency (EMv) '~ /~  for 
the mean of the inlet and the outlet compositions, has 
been derived from Figure 6 as follows: 

( E ~ v ) 1 / 2  - (A2A3)/(AX) - Z G  A1oA7 

(E~v) '1/2 (&A,) 1 (A4A7) A1A3 * AlOA3 

- ---- 

- {x,  + (F) (2, - X'n-1)) - X'n-1 

= l + F  (26) 

- 
Xn - %*,-I 

This relation is shown in Figure 7. For XEoc < 1, the dif- 
ference between ( E M v ) ' ~ ! ~  and ( E M v ) I / ~  is 50% at the 
maximum for complete mixing, and the difference is 
smaller for the larger diameter of the column because the 
larger the diameter of the column, the larger the value 

I 

X 
Fig. 6. R e l a t i o n  between the plate efficiencies ( E M V ~ I / Z  and 

(E.wv>'i /2. 
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Fig, 7. Ratio of plate efficiencies (€A.”MVi/p and (E~v)’112, given 
by Equation (26). 
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Fig. 8. Relation between modified plate efficiency (Eonv)’i/2 and 

L/V. 
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Fig. 9. Relation between Murphree’s plate efficiency ( € M v ) ~  and 
L/V. 

of Np, .  Here, the plate efficiency (E~v)’1/2 is for the plug 
flow of the liquid on the plate as an ideal case. 

EMPIRICAL CORRELATION OF PLATE 
EFFICIENCIES (€~vY1/9 

The variables affecting the plate efficiency can be di- 
vided into three main groups: system-property variables, 
operating variables, and tray-design variables. System- 
property variables depend upon the type and composition 
of the components. These are relative volatility, gas and 
liquid density, viscosity and diffusion coefficient, and 
surface tension. Operating variables include gas and liquid 
rates, temperature, and pressure. Tray-designs are tray 
dimensions: tray spacing, weir height, and design and 
arrangement of bubble caps. 

A correlation including all the variables can only be re- 
liable and is of extreme importance for the engineering 
purposes. Several attempts to correlate the plate efficiency 
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with these variables have been made and various methods 
have been proposed to predict it. Out of these, the most 
commonly used method, originally proposed by Drickamer 
and Bradford (8) and subsequently modified and devel- 
oped by O’Connell ( 9 ) ,  is based upon an empirical rela- 
tionship between Murphree’s plate e5ciency and the 
product of viscosity and relative volatility. This method, 
including only a few of the system property variables, 
gives satisfactory results only in the case of hydrocarbons 
distillation. Uhmoltz (10) and Jones (11) studied only 
the effect of tray-design variables and system variables, 
respectively. Chaiyavech et al. (12) attempted to evaluate 
and correlate the effect of only the system property vari- 
ables with a perforated 1-in.-diam. plate. The applicability 
of the correlation to the industrial column is doubtful. 
The AIChE Research Commission’s Distillation Research 
Program (2) studied the effects of nearly all the variables 
and proposed a method involving troublesome calculations. 
Besides this, it has a limited application to various other 
systems (1). More recently, English et al. (13) proposed 
an empirical correlation including most of the variables. 
This equation is not dimensionless and does not give sat- 
isfactory results as shown in Figure 12. 

The modified Murphree’s plate efficiency has been de- 
fined by Equation (1) with the vapor composition in 
equilibrium with the liquid at the center of the plate. 
However, it is practical to measure the composition of 
liquid at the outlet of the plate. Thus the mean of the 
compositions of the liquid at the inlet and the outlet of 
the plate is used instead of the liquid composition at the 
center of the plate. Thus the plate efficiency is written as 

where (yn”)’ is the vapor composition in equilibrium with 
the liquid composition x,’, which is the mean of the com- 
,positions of liquid at the inlet and the outlet of the plate. 
In the present study, an attempt has been made to cor- 
relate various variables with the efficiency defined above 
by Equations (27). 

( E M v ) ’ ~ / ~  calculated from the data reported by The 
University of Delaware (2) are plotted against L/V in 

cetone - Benzene 
ethanol - Toluene 

O“ 0 0 x (XI 02 0.3 , 0.4 0.5 0.6 0.7 

(EMV)~~.CAL.  
Fig. 10. Comparison of experimental values of  plate efficiencies 

(E~v)’i/z and those calculated with Equation (28). 
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Figure 8. For the same data, Murphree’s plate efficien- 
cies ( E M V ) l  are plotted against L/V in Figure 9. The 
value of ( E M V )  increases with increase of L/V,  but the 
value of ( E M V ) ’ l / z  varies little with L / V .  That is, the de- 
pendence of the plate efficiency ( E M v ) ’ l / 2  on the reflux 
ratio is much smaller than that of Murphree’s plate effi- 
ciency ( E M V ) l .  The dependence of Murphree’s plate effi- 
ciency ( E M v )  on the reflux ratio increases with the in- 
crease of Peclet’s number N p e  as shown in Figure 2. On 
the other hand, the dependence of ( E M V ) ’ l / Z  on the reflux 
ratio decreases with the increase of N p e  as shown in Fig- 
ure 7. In other words, the larger the diameter of the dis- 
tillation column, the greater the dependence of   EM^) 1 
and the lesser the dependence of ( E M v ) ‘ l l z  on the reflux 
ratio. 

Source of Data 
Particular care has been taken in the selection of data. 

Accurately measured data are essential for the correlation 
study. Also, the effect of tray-design variables can be 
experienced only by a large-scale unit. The data of binary 
system reporting the compositions of the consecutive trays 
have been used. In the case where such data are not 
available, ( E M V ) ’ 1 / 2  has been calculated by the graphical 
method. 

AIChE Research Commission’s Final Reports ( 2 ) ,  ( 3 ) ,  
and ( 4 )  include quite reliable and useful data for large- 
scale columns for various systems. Manning (5) reported 
plate efficiencies of a 5-ft.-diam. plate, using an isooctane 
and toluene system. The experimental values of physical 
properties used in the computation have been picked up 
from I.C.T., Perry’s “Chemical Engineers’ Handbook,” and 
elsewhere. In the case of nonavailability, these values have 
been calculated with the methods recommended by Reid 
and Sherwood (14) .  

2.4 

2.2 
m 

SYSTEM m 

(EMV)I,CAL. 
Fig. 11. Comparison of experimental values of Murphree’s plate 
efficiencies ( E M v ) ~  and those calculated with Equation (28)’: 
(EMV)1 = 0.1808 (NReV)0.44s ( N R ~ L ) - ~ . ~ ~ ~  x (NscL)-0’374 

(Ncd-0.071 (or)0.S87 (2 . h,/Sa) -0.299. 
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Fig. 12. Comparison of experimental values of Murphree’s plate 
efficiencies ( E M v ) ~  and those calculated with English’s corre- 

lation (13). 

Correlation 
The effects of important variables on plate efficiency 

have already been studied (2-4, 8-13). Keeping these in 
mind, the dimensionless groups involving the important 
physical property variables, design variables, and operat- 
ing variables have been selected. They are, namely, 
Schmidt’s liquid number ( ~ L / ~ L D L )  ; capillary number 
( ~ V U V / U )  ; Reynold’s liquid number ( 4r/pL) ; Reynold’s 
vapor number ( dsluvpv/pv) ; relative volatility EL, and de- 
sign group ( Z - h J S , ) .  The groups have been calculated 
with the experimental or accurately calculated physical 
properties and dimensions of each plate. The physical 
properties have been determined with liquid composition 
Xn‘. 

The modified plate efficiencies ( E M v ) ’ 1 / 2  have been 
calculated with the reported data of various systems, i.e., 
acetone-benzene ( 2 ) ,  n-pentane-p-xylene ( 2 ) ,  methanol- 
toluene (3), isooctane-toluene ( 5 ) ,  benzene-toluene (16), 
ethanol-water (16) .  The composition x,,’ has been used 
for the calculation of efficiencies of each plate. The modi- 
fied plate efficiencies have been correlated with the dimen- 
sionless groups by the least squares method using an 
NEAC2203 electronic computer. 

The following correlation is obtained 

This correlation is strictly applicable to a single plate of 
the column using binary systems. Equation (28) expresses 
the experimental data of industrial scale columns quite 
satisfactorily with the standard deviation 0.0498. 

By changing the constant only, this equation can be 
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used also for laboratory scale columns having a plate with 
one cap. The value of the constant in this case has been 
calculated as 0.2699; the standard deviation, 0.0540. 

Figure 10 shows the comparison of the calculated and 
the experimental values of the plate efficiencies. Similarly, 
Murphree’s plate efficiency (EMV) has been correlated 
as Equation (28)’ in Figure 11, with coefficient and ex- 
ponents different from those in Equation (28).  However, 
the standard deviation in this case is found to be 0.238. 

The present correlation has been compared with a re- 
cently published correlation by English et al. (13). The 
efficiencies calculated with English‘s correlation for ordi- 
nary Murphree’s plate efficiency ( E M V ) ~  are plotted in 
Figure 12. The experimental and calculated values show 
large variations in the case of industrial scale columns. So 
Equation (28) can be applied for the calculation of effi- 
ciencies of the rectifying columns with satisfactory reli- 
ability. 

CONCLUSION 

A method for the calculation of the number of theoreti- 
cal plates, based on the composition xn  for the plug flow 
of liquid on the plate, has been developed, and it has been 
also extended to the case where mixin occurs. The mini- 

nearly one half of that for the complete mixing of the 
liquid. 

Because it is difficult to determine the composition of 
the liquid at the center of the plate, the plate efficiencies 
( E ~ v ) ’ l / z  are calculated by Equation (27).  The deviation 
between ( E M v ) ~ , ~  and (EMv)’I/z is shown by Equation 
(26) and Figure 7. (EMV)I1/I is little affected by the re- 
flux ratio for large-scale columns. An empirical correlation 
is presented by Equation (28) for the calculation of the 
efficiency (EMv)’l/z. It  gives quite reliable results for the 
industrial columns. 

mum number of the theoretical plates P or the plug flow is 

11. Column Efficiencies 

RELATION BETWEEN PLATES AND REFLUX RATIO 

The number of plates required to rectify the mixture 
into the desired products depends upon the reflux ratio. 
Gilliland (1 7) correlated the number of theoretical steps 
S and the reflux ratio R as the functions of the minimum 
number of steps S, and of the minimum reflux ratio R,. 
This correlation is very complex and can be shown only 
on the graphs, Derived by means of McCabe and Thiele’s 
methods ( 6 ) ,  it implies the complete mixing of the liquid 
on the plate as described in Part I.’ The modified plate 
efficiency gives most satisfactory results for practical col- 
umns; therefore, the composition gradient on the plate 
should not be neglected. Thus, for an ideal case, it can be 
assumed that the liquid on the plate is flowing as plug 
flow. 

For various values of the relative volatility a, the num- 
ber of theoretical plates is determined by the graphical 
method already described and the results are shown in 
Figure 13.’As the number of theoretical plates for the 
plug flow is nearly one-half that given in the case of a 
completely mixed liquid, the fractional number of theo- 
retical plates is more important in the present case. The 
distillation capacity of each part of the plate is not the 
same due to the change of the liquid composition. Here, 
it is assumed that the differential part dN of a plate 
works to change the vapor composition by dy, and also dy 
is proportional to y’ - y 

(29) 
where k is a proportional constant, and y is the composi- 
tion of the vapor on the fractional part of the plate. 

dy = k(y’ - y)dN 

Integrating Equation (29) 
L / V  

Part I contains Equations (1) through (28) and Figures 1 through 12. 
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NOW, at y = y,, N f  = 0, and at y = y n t l ,  N f  = 1 

Therefore 
" 

c = o  

k = rtl dy 
Y ' - Y  

(33) 

(34) 

Equations (33) and (34) are substituted into Equation 
(30) 

P dv 

R -  Rm 
R t  I 
- 

1 -  

vn y' - y J 

Thus, the fractional number of plate has been calculated 
by the ratio of the transfer unit of the fractional part of 
the plate and the transfer unit of the complete plate. 

In the same way as Gillilands diagram, (S - S,)/(S 
+ 1) are plotted against ( R  - R , ) / ( R  + 1) in Figure 
14. These points are not on a single curve, and the differ- 
ent curves result from different values of a. However, if 
(S - l ) / ( S ,  - 1) is chosen instead of (S  - Sm)/(S + 
1 )  as the ordinate, the correlation shown in Figure 15 is 
obtained. This correlation is expressed by a simple equa- 
tion as 

The number of theoretical plates for a given reflux ratio 
can be easily determined by Equation (36).  

From Equation (4) and Equation (38), (yn-i+ yn)/2 
= y. Therefore, the line drawn symmetrically in y-direc- 
tion with the equilibrium curve from the operating line is 
given as 

R - R m  - 
R +  I 

Fig. 14. Correlation between (S - S m ) / ( S ,  + 1) and ( R  - Rm) f 
(R + 1) for various values of a. 

Page 1148 September, 1971 

Fig. 15. Correlation between (S - I ) / ( &  - 1) and (R - Rm) + 
(R + 1) for various values of a. 

COLUMN EFFICIENCIES 

The column efficiency, which is the ratio of the number 
of theoretical plates to that of practical plates, is of great 
importance for determination of the number of practical 
plates. However, there is no exact method for calculation 
of the column efficiency. For the case where the equilib- 
rium curve can be represented by a straight line, the rela- 
tion between the column efficiency and the Murphree's 
plate efficiency ( E w v )  1 was given by Lewis (18). 

With the same assumptions as Lewis (i.e., the equilib- 
rium curve is a straight line and the plate efficiency is 
constant over the column), a relation between column 
efficiency ET and modified plate efficiency (EMv)1/2 de- 
fined by Equation (1)  has been derived. 

The equilibrium curve being a straight line is given by 

(37) y n  = m x n  + bl = ( +) AXn + bi 

And the operating line is expressed by 

Thus, the number of theoretical plates is determined by 
the stepwise construction between the lines expressed by 
Equations (37) and (39) as shown in Figure 16. 

Under the assumption that the plate efficiency is con- 
stant over the column, the number of practical plates is 
determined by the stepwise construction between the lines 
(40) and (41) as shown in Figure 16. If these two lines 
are expressed by 

yn, = ~ 2 % .  + bz 

y(n-1). = ~ 3 % .  + b3 
(40) 

(41) 
then the following relations are derived from the sym- 
metry of the lines (40) and (41) from the line (38) in 
ti-direction 

(42) 

(43) 
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Fig. 16. Stepwise construction for the case when the equilibrium 
curve is a straight line. Steps drawn between lines (37) and (39) are 
for ideal plates, and those drawn between lines (40) and (41) are 

for a constant plate efficiency over the column. 

Also, for the constant plate efficiency 

(44) 
az - a3 - b2 - b3 

( E M V )  1/2 = - - - 
m - a3 bl - b 3  

From Equations (42), (43), and (44) 

} (45) 
~2 = (4 )  { 2 - 2 ( E M V ) 1 / 2  + ( E M V ) l / d  

2 - ( E M V > 1 / 2  

(46) 1 2 - ( E M V ) l / Z A  

2 - ( E M V ) 1 / 2  
a3 = ( 4 )  { 

2 (p) XD - 2 ( E ~ v ) 1 / 2  ($ ) X D  + ( E ~ v ) i / z b ~  

2 -  ( E M V ) 1 / 2  
b2 = 

(47) 

b3 = (48) 
2 ( ;)XD - ( E M V ) ~ ~  

2 - ( E M V ) 1 / 2  

At x = xn, Yn shown in Figure 16 is obtained by de- 
ducting Equation (39) from Equation (37) 

y 1  - x1 - x1.1 

Y1.  XI' - Xi.1 
-- 

Also the slope of line (39) can be written as 

With Equations (49) and (50), a relation between Y n + 1  
and Yn is obtained 

A 
+ 2 { b l - ( ; )  X D }  =- 2 - A  Yn (51) 

Thus, the series (Y1, Y2, . . . . ., YN} is a geometrical pro- 
gression and the summation of the series is 

(52) 
Y 1 ( 2  - A)(1 - r N )  - - 

2(1 - A )  
where 

A 
2 -A  

r = -  (53) 

In the same way, the relation between Y < n + 1 ) *  and Y n ,  

is derived as 

} y n *  (54) 
( E M V ) l / d  - 2 ( E M V ) 1 / 2  + 2 

2 - ( E M v ) i / z h  
y ( n + l ) *  = { 

And the summation of the series {YI,, Yp, . . . . ., Yn*,  
. . . ., YN.} is given by 

(55) 

The ratio of Y1 and Y1, taken as shown in Figure 16, is 

(58) 
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From Equations (57) and ( 5 8 )  

1.N = r"' (59) 

Thus, the column efficiency ET which is the ratio of the 
theoretical plate N and the practical plate N' is given by 

1 N' logr - -  - _ - _ -  
ET N logr' 

A 
2-A 

log - 
(60) - - 

( E Y V ) 1 / 2 A  - 2(EMV)1/2 + 2 
log 2 - ( E ~ v ) 1 / 2 X  

For various values of ( E Y V )  112, the relation between 
1/ET and A is shown in Figure 17 with the solid lines. All 
the curves pass through a minimum at = 1, and it can 
also be confirmed theoretically by differentiating Equa- 
tion (60) with A. In Figure 17, broken lines represent 
Lewis' relation (18)  for (EMv)I. These curves do not 
show any minimum and their values decrease with in- 
crease of A. 

As the equilibrium curve is usually not a straight line, 
the value of varies with the composition. Therefore, 
Equation (60) cannot be used directly, and the mean 
value of, A should be used. 

For the case when CY = 5 and L/V = 1 (as the most 
severe case), the number of theoretical plates and the 
number of practical plates for various values of (EM") 1/2 

are determined by the graphical method described in Part 
I. An example of this method is shown in Figure 18 for 
the case of (EMv)1/2 = 0.8. The number of theoretical 
plates N ,  determined with the stepwise construction be- 
tween the solid curves, is 1.80 where the fractional num- 
ber is calculated by Equation (35). Also, the number of 
practical plates N' is 2.95, which is obtained by the step- 
wise construction between the broken curves drawn with 
the ratio (&&)/(as) = 0.8. With these values, ~ / E T  
which is the ratio of N to N' has been calculated to be 
1.64 (i-e., 2.95/1.80). In the same way, for various values 
of ( E M V ) ~ / ~ ,  WET is determined for the case when the 
composition of the product at the top of the column is 
0.95 and at the bottom is 0.05 (solid circles in Figure 19). 
Similarly, the blank circles in Figure 19 are those for the 

I I 1 I I I I 1 I I 1 
'0 0.2 0.4 0.6 0.8 I 1.2 1.4 1.6 1.8 i x 

Fig. 17. Relation between 1 / € ~  and h with ( E ~ v ) i / z  as parameter. 
Broken lines show Lewis's relation (18). 

X 
Fig. 18. Stepwise construction to determine the number of theoreti- 
cal plates (solid curves) and the number of practical plates for 

(EMV)1/2 = 0.8 (broken curves). 

composition x = 0.95 at the top and 0.30 at the bottom. 
Also, 1/ET is calculated by Equation (60) for each case 

described above. For the case of x = 0.95 (top) and 0.30 
(bottom), the value of A is less than 1 for whole of the 
range of x, and the mean value of (i.e., = 0.473) is 
used. The values calculated by Equation (60) with the 
mean value of is shown by the line ( a )  in Figure 19 
and agrees well with those represented by the white 
circles. 

In the case x = 0.95 (top) and 0.05 (bottom), A varies 
from 0.214 to 3.40. As shown in Figure 17, ~ / E T  shows 
a minimum at A = 1. Therefore, for the calculation of 
~ / E T ,  it is necessary to divide the range of x into two re- 
gions: the first region I for x = 0.05 - 0.30 where A 2 1, 
and the second region I1 for x = 0.30 - 0.95 where h < 1. 
The average values of A (i.e., = 1.894) for the region I 
andX = 0.473 for the region I1 have been used. 

As an example, when the plate efficiency ( E ~ v ) 1 / 2  is 
0.8, the calculated values of 1/ET are 2.10 and 1.60 for 
region I and region 11, respectively. The numbers of theo- 
retical plates N which are determined by the graphical 
method (see Part I )  are 0.365 and 1.434 for the range 
s = 0.05 - 0.30 in region I and x = 0.30 - 0.95 in re- 
gion 11. Therefore, the number of practical plates N' for 
each region are 0.765 and 2.289, which are given by the 
product of 1/ET and N .  For whole of the region, the num- 
ber of theoretical plates is 1.80 (i.e., 0.365 + 1.434) and 
the number of practical plates is 3.054 (i.e,, 0.765 + 
2.289). Thus, 1 /ET ,  which is the ratio of these values, 
is 1.698 (i.e., 3.054/1.80). In the same way, ~ / E T  is cal- 
culated by Equation (60) for various values of the plate 
efficiency (EMv) and is shown by the solid line ( b )  in 
Figure 19. The agreement between the line ( b )  and the 
solid circles is good. Therefore, by dividing the composi- 
tion range of x into several regions (if necessary) and with 
the mean value of in each region, it is possible to esti- 
mate quite accurately the column efficiency ET by using 
Equation (60) for a given value of the plate efficiency 
(EM") 112. 
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-0 x=O.30*0.95 

1.2 1.4 1.8 2 

I 
(E MV)1/2 

Fig. 19. Comparison of column efficiencies ET calculated by 
Equation (60) and those obtained by the graphicol method de- 
scribed in Figure 18. Broken line represents the values of ~ P T  
calculated by Equation (60) at  h = 1, where ~ / E T  becomes minimum. 

CONCLUSION 

A simple relation between the number of theoretical 
plates and the reflux ratio is obtained in Equation (36)  
as a function of the minimum number of stages and the 
minimum reflux ratio. 

A relation between the column efficiency ET and the 
modified plate efficiency (EMv) l , z  is derived and given 
by Equation (60 ) .  It is explained that this equation can 
also be used to estimate ET, when the equilibrium curve 
is not a straight line, by dividing the calculation into 
several parts for A 2 1 and A < 1. 

NOTATION 

A 

D 
D, = eddy diffusivity, sq.cm./sec. 
DL 
d,l 
( E Y V ) ~  = Murphree’s plate efficiency based on vapor in 

equilibrium with the liquid leaving the plate 
( E Y V ) ~  = Murphree’s plate efficiency based on vapor in 

equilibrium with the liquid entering the plate 
( E M V ) I / ~  = modified plate efficiency based on vapor in 

equilibrium with the liquid at the center of the 
plate 

(EMv)’ l / z  = modified plate efficiency based on vapor in 
equilibrium with the mean of the liquid composi- 
tions at the inlet and the outlet. of the plate 

= cross-sectional flow area of the liquid segment on 

= flow rate of top product, mole/sec. 

= diffusivity of liquid, sq.cm./sec. 
= equivalent diameter of slot, cm. 

the plate, s q c m .  

Eoc = overall point efficiency 
ET = column efficiency 
F 
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= function of N p e  and 9, Equation (20) 

h, = weir height, cm. 
K = equilibrium ratio 
L 
L’ 

M = molecular weight 
m = slope of equilibrium curve 
N = number of theoretical plates 
N’ = number of practical plates 
Nca = capillary number, p ~ ~ v / v  
N ,  = fractional number of plate 
NOY = transfer unit 
N p e  = Peclet’s number, Z’/DetL 
N R ~ L  = liquid Reynold‘s number, 4r/pL 
NReV = vapor Reynolds number, uvds lpv /pv  
NscL = liquid Schmidt’s number, ~ L / P L D L  
R = reflux ratio 
r 

r‘ 

S = number of steps 
S, 
t L  
uv 
V 

sec. 
V’ 

sec. 
w = z/z 
W 
x = mole fraction of more volatile component in 

xn = liquid composition at the center of n* plate 

%“,,-I = liquid composition in equilibrium with vapor of 

y = mole fraction of more volatile component in vapor 

y,” = practical vapor composition from n* plate 
y,,” = vapor composition in equilibrium with xn 
( yno ) = vapor composition in equilibrium with xn’ 
z = distance from inlet weir, cm. 
Z = distance from inlet weir to outlet weir, cm. 
(II = relative volatility 
r = liquid flow rate per mean unit width of the plate, 

7 = presented by Equation (17) 
h = m ( V / L )  
p = viscosity, g./cm. - sec. 
p = density, g./cc. 
u = surface tension, dyne/cm. 

= liquid flow rate in the enriching section, mole/sec. 
= liquid flow rate in the exhausting section, mole/ 

sec. 

= ratio of geometrical series in Equation (52) and 

= ratio of geometrical series in Equation (55)  and 
presented by Equation (53) 

presented by Equation (56)  

= sum of area of all slots on one plate, sq.cm. 
= contacting time of liquid with vapor, sec. 
= vapor velocity at slot, cm./sec. 
= vapor flow rate in the enriching section, mole/ 

= vapor flow rate in the exhausting section, mole/ 

= flow rate of bottom product, mole/sec. 

liquid 

xn’ = (xn.0 + xn,1)/2 

(n - l ) t h  plate 

Y n  = yn - yn-1 

g./cm. * sec. 

Suffix 

D = top product 
i, n 
j ,  n 
L = liquid 
m = minimum 
n 

n’ 
no 

n, 0 = inlet of nth plate where w = 0 
n, 1 = outlet of nth plate where w = 1 
V =vapor 
W = bottom product 

= i component on nth plate 
= i component on nth plate 

= number of the nth theoretical plate in the enrich- 

= number of the n’th practical plate 
= number of the noth theoretical plate in the ex- 

ing section 

hausting section 
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Phase Equilibrium of Carbon Dioxide in the 
Methane-Carbon Dioxide- n -Decane System 

AMOS YUDOVICH, R. L. ROBINSON, JR., and K. C. CHAO 
School of Chemical Engineering 

Oklahoma State University, Stillwater, Oklahoma 74074 

Carbon dioxide occurs in varying concentrations in 
natural gases and crude oils. A knowledge of the phase 
behavior of carbon dioxide in hydrocarbon systems has 
applications in petroleum production and refining opera- 
tions. The methane-carbon dioxide-decane system studied 
in this work represents a simplified model of natural sys- 
tems in which carbon dioxide appears in combination with 
light gases and heavy hydrocarbons. 

A chromatographic technique was used in the present 
study to determine vaporization equilibrium ratios of car- 
bon dioxide at infinite dilution in methane-decane solu- 
tions. Since carbon dioxide is often present at low concen- 
trations in natural systems, the state of infinite dilution is 
not an unrealistic one. Of more importance is the fact that 
these data yield useful information on interactions of 
carbon dioxide with methane and decane that, when ana- 
lvzed in terms of a suitable model, permits predictions of 
(he behavior of carbon dioxide at finite concentrations. 

The present authors recently completed a study of the 
partial volumetric behavior of carbon dioxide at infinite 
dilution in gaseous methane. Results of that study have 
been combined with the present data to determine the 
nonideality of carbon dioxide in carbon dioxide-methane- 
decane liquid mixtures. Such information rarely has been 
available for ternary liquid mixtures at elevated pressures. 

Correspondence concerning this article should be addressed to Prof. 
K. C. Chao, School of Chemical Engineering, Purdue University, Lafay- 
ette, Indiana 47907. Amos Yudovich is with Union Carbide Cow., Chi- 
cago, Illinois 60638. 

The activity coefficients thus obtained are correlated based 
on a combined Scatchard-Hildebrand and Flory-Huggins 
model. 

VAPOR LIQUID EQUILIBRIUM BY 
GAS-LIQUID CHROMATOGRAPHY 

Many investigators have obtained equilibrium data at 
essentially infinite dilution using the gas-liquid chromato- 
graphic (GLC) technique (1 to 8), including high-pres- 
sure systems (9  to 11). Equilibrium properties of solu- 
tions determined from GLC elution data by previous in- 
vestigators agreed with those obtained from static meth- 
ods. A comprehensive review of the nonanalytical uses of 
chromatograph has been presented by Kobayashi, Chap- 
pelear, and Deans (12). 

Martin and Synge (13) and others (5, 14) derived the 
basic relations between vapor-liquid equilibrium at in- 
finite dilution and GLC parameters. One such expression 
is 

If the carrier gas is soluble in the stationary liquid and 
its mole fraction in the liquid phase at equilibrium is xl, 
the total moles of the stationary phase, that is, including 
the dissolved carrier gas, will be 
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